
Problems on Parasite and Disease Ecology 

Solutions (detailed in some cases, just the results in other cases) 

 

 
 

 
Solution 
𝑑𝑆

𝑑𝑡
= 𝑟𝑆 (1 −

𝑆 + 𝐼

𝐾
) − 𝛽𝐼𝑆 

𝑑𝐼

𝑑𝑡
= 𝛽𝐼𝑆 − (𝜇 + 𝛼)𝐼 

 

(a) Since 𝑅0 =
𝛽𝐾

𝜇+𝛼
 we get 𝛽 =

𝑅0(𝜇+𝛼)

𝐾
 = 3.12 year-1. 

(b) 𝑆𝑒𝑞 =
𝜇+𝛼

𝛽
 =1.67 foxes km-2 

𝐼𝑒𝑞 =
𝑟(1−

𝑆𝑒𝑞
𝐾

)

𝑟
𝐾⁄ +𝛽

 = 0.083 foxes km-2 

 

(c) Prevalence = 
𝐼𝑒𝑞

𝐼𝑒𝑞+𝑆𝑒𝑞
 = 0.048 



 

 

 

 
Solution 

(i) 

 
 

(ii) 𝑅0 =
𝛽𝐾

(𝛿+𝐾)(𝜇+𝛼+𝛾)
 = 1.214 

 

(iii) Since 𝑅0 >1 the disease can become endemic 

 

(iv) The solution can be numerically found by changing variables from S and I to total numbers N = 

S + I and prevalence of infected x = I/N. The corresponding isoclines are given by 

 
The solution is found at the intersection of the two isoclines 



 
Prevalence at equilibrium = 0.164 

 

 

 

 

 
Solution 

 
𝑑𝑆

𝑑𝑡
= 𝜈(𝑆 + (1 − 𝜎)𝐼) − 𝜇𝑆 − 𝛽𝐼𝑆 + 𝛾𝐼 

𝑑𝐼

𝑑𝑡
= 𝛽𝐼𝑆 − (𝜇 + 𝛾)𝐼 − 𝛼𝜎𝐼 

The condition for regulation is 𝜎 >
𝜈−𝜇

𝜈+𝛼
 = 0.704. 

 

 



 

 
Solution 

 

The corresponding model is 
𝑑𝑆

𝑑𝑡
= 𝑟𝑆 (1 −

𝑆 + 𝐼

𝐾
) − 𝛽𝐼𝑆 + 𝛾𝐼 

𝑑𝐼

𝑑𝑡
= 𝛽𝐼𝑆 − (𝜇 + 𝛼 + 𝛾 + ℎ)𝐼 

 

Set h=0. The basic reproducion number is 𝑅0 =
𝛽𝐾

𝜇+𝛼+𝛾
 =1.733. Thus the disease can establish. 

If h > 0 the basic reproduction number is 

𝑅0 =
𝛽𝐾

𝜇 + 𝛼 + 𝛾 + ℎ
 

and must be smaller than 1 to eradicate the disease. Therefore 

ℎ >  𝛽𝐾 − ( 𝜇 + 𝛼 + 𝛾) = 5.5 year-1. 

 



 

 
Solution 

 

(a) The model with culling is  
𝑑𝑆

𝑑𝑡
= 𝑟𝑆 (1 −

𝑆 + 𝐼

𝐾
) − 𝛽𝐼𝑆 − 𝑐𝑆 

𝑑𝐼

𝑑𝑡
= 𝛽𝐼𝑆 − (𝜇 + 𝛼 + 𝛾 + 𝑐)𝐼 

 

      (b) with c = 0, 𝑅0 = 1.71 and the disease can become endemic. 

 

If c > 0 the culling rate c must be > 0.037 year-1. 

 



 

 
Solution 

 

(a) Let  be the recovery rate = 1/0.5 month-1 = 24 year-1. The model is 
𝑑𝑆

𝑑𝑡
= 𝑤 − 𝜇𝑆 − 𝛽𝐼𝑆 − 𝑉𝑆 

𝑑𝐼

𝑑𝑡
=  𝛽𝐼𝑆 − (𝜇 + 𝛼 + 𝜌)𝐼 

 

(b) If V=0, then the equilibrium population size of susceptibles is w/𝜇 = 1 million. The basic 

reproduction number is  

𝑅0 =
𝛽𝑤/𝜇

𝜇+𝛼+𝜌
 = 4.16. The disease is obviously endemic without vaccination. 

 

(c) With vaccination the equilibrium population size of susceptibles is 𝑆𝑒𝑞𝑉 =
𝑤

𝜇+𝑉
 and the 

corresponding basic reproduction number is  

𝑅0𝑉 =
𝛽𝑤/(𝜇 + 𝑉)

𝜇 + 𝛼 + 𝜌
 

Thus, the vaccination is successful if R0V < 1, which implies 𝑉 >
𝛽𝑤

𝜇+𝛼+𝜌
− 𝜇 = 0.0474 year-1. 

 

(d) In case of successful vaccination 𝑆𝑒𝑞𝑉 =
𝑤

𝜇+𝑉
< 240200. 

 



 
Solution 
𝑑𝑆

𝑑𝑡
= 𝑤 − 𝜇𝑆 −

𝛽𝐵𝑆

1 + 𝐵
 

𝑑𝐼

𝑑𝑡
=  

𝛽𝐵𝑆

1 + 𝐵
− (𝜇 + 𝛼 + 𝜌)𝐼 

𝑑𝐵

𝑑𝑡
= 𝜃𝐼 − 𝛿𝐵 

 

(a) The prevalence is 
𝐼𝑒𝑞

𝐼𝑒𝑞+𝑆𝑒𝑞
 = 0.385 

 

(b) The disease-related death rate  = 0.2 day-1.  

 

year-1 



 

 
 

 

 

Solution 

(a) 𝛽 = 𝑚𝑎𝑏 = 5 day-1, 𝜓 = 𝑎𝑐 = 0.02 day-1 



(b)  

 
      with  = 1/70 = 0.0143 year-1 

(c) 𝑅0 =
𝛽𝜓

𝛾𝜉
 = 3.684 

The disease can establish in the country and the two prevalences can be computed by setting the 

two derivatives to zero thus obtaining  

 

 
and finally Ueq = 0.708, Meq = 0.069. 

 

 

dU

dt
= bM(1-U)-gU

dM

dt
=yU(1-M)-xM



 

 
Solution 

 

The solution is the same as that of the previous exercise. 



 

 

Temperature 23°C 28°C 

 1.12 day-1 1.6 day-1 

 0.056 day-1 0.068 day-1 

R0 1.14 14.96 

Ueq 0.105 0.838 

Meq 0.019 0.588 

 

 



 
Solution 

 

Without incompetent hosts, 𝑅0 =
𝛽𝜓

𝛾𝜉
 = 3.84, prevalence of hosts Ueq = 0.113, prevalence of 

ticks Meq = 0.706. Imposing 𝑅0 with incompetent hosts to be < 1, one finds D > 56.8 No. of 

hosts km-2. 

 

 



 
Solution 

 
(a) First determine the value of  as 5𝛼 = 0.5𝜇, that is  = 0.02 year-1. The abundance of hosts 

at equilibrium can be found by setting 
𝑑𝐻

𝑑𝑡
= 0 = 𝑟 (1 −

𝐻

𝐾
) − 𝛼

𝑃

𝐻
 and considering that P/H 

= 0.873. It turns out 𝐻𝑒𝑞 = 𝐾 (1 −
𝛼

𝑟
(𝑃 𝐻⁄ )) = 3904.8 individuals km-2. 

(b) First, set  
𝑑𝑃

𝑑𝑡
= 0, which implies that

𝜆𝐻

𝐻+𝐻0
− (𝑚 + 𝜇 + 𝛼) − 𝛼

𝑘+1

𝑘

𝑃

𝐻
= 0. Second, remember 

that 𝑅0 =
𝜆𝐾

𝐻0+𝐾

1

𝑚+𝜇+𝛼
 = 1.2. In this way we get a system of two equations in the two 

unknowns  and H0.  

Solving the system we obtain  = 1.25 and H0 = 2711.1 individuals km-2. 

 

 

 

 

 

dH

dt
= rH 1-

H

K

æ

èç
ö

ø÷
-aP

dP

dt
=
lPH

H +H
0

- (m+ m+a )P-a
k+1

k

P2

H



 
Solution 

 

 

Setting 
𝑑𝑃

𝑑𝑡
= 0 we obtain Heq = 6.67 individuals km-2. Then from the equation 

𝑑𝐻

𝑑𝑡
= 0 one gets Peq = 

11.11 individuals km-2. As Heq < K/2 = 20 individuals km-2, the isoclines are of the kind shown in 

Fig. 10.16b of the textbook, so that the equilibrium is unstable and the dynamics are self-sustained 

oscillations. 

 

 

 

dH

dt
= rH 1-

H

K

æ

èç
ö

ø÷
-eP

dP

dt
=
lPH

H +H
0

- (m+ m)P


